Introduction
Let X and Y be irreducible algebraic curves over the complex numbers, C. Let D(X) and D(Y) denote their ring of differential operators, respectively. (For definition see [9] ). This paper is motivated by the following open question^ Does D(X) ^ D(Y) imply that X ^ Y ? Let X denote the normalization of X. MAKAR-LIMANOV [5] shows that the set of adnilpotent elements N(X) is exactly 0(X) whenever 0{X) is not a subring of a polynomial ring in one variable over C. He thus answers the question affirmatively for these curves. Let A 1 denote the affine line. PERKINS [8] 
extends this result showing that D(X) ^ D(Y)
implies X ^ Y whenever X ^ A 1 , or X = A 1 but the normalization map TT : X -> X is not injective. Thus, in the paper, we are interested in curves X such that X ^ A 1 and TT : X -> X is injective. STAFFORD [10] shows the conjecture holds the following two examples of such curves : when X is the affine line A 1 , or when X is the cubic cusp y 2 = x 3 .
For the remainder of the paper, assume that X is a curve such that its normalization is isomorphic to the affine line A 1 with an injective normalization map. We may therefore assume that the coordinate ring of X, denoted 0(X), is a subring of a polynomial ring in one variable C [x] such that the integral closure of 0(X), written 0(X), is equal to C [x] . Furthermore D{X) is a subring of C(rc) [9] where [9, x] = 1. Here 9 is just 9/9x and the element fn(x)9 n +
••• + fo(x) of D(X) sends g{x) C 0{X) to fnWg^^x) + ••• + fo(x)g(x)
where g^^x) denotes the 71 th derivative of g{x).
PERKINS studies rings that satisfy these conditions in [8] . He shows that in many cases, D(X) contains maximal commutative ad-nilpotent subalgebras not isomorphic to 0(X). Thus, for these curves, the set N(X) of ad-nilpotent elements does not determine 0(X).
In this paper, we obtain an invariant for D{X) and a nice description of the maximal ad-nilpotent subalgebras of D(X). Set T = C(:r)[<9] and set 9-degw = n where w = fn(x)9 n + • • • + fo(x) is an element of T. Define a filtration on T by Ti == {w C T \ 9-degw < i} and hence on any subring R of T by Ri = R H T,. (Note that this is the same filtration on D(X) as the one defined by the order of the differential operator.) We may form the associated graded ring 9-grR == Q^Rz/Ri-i. We define codimJ? to be equal to dime 9-grC[x,9}/9-giR for those subrings R of T such that 9-grRc9-grC[x,9}. Now assume that both X and Y are affine curves with normalization equal to the affine line and injective normalization map. By [9] , both 9-gi D{X) and 9-grD(Y) are subrings of 9-grC [x,9] and codimD(X) and codimD(y) are finite numbers.
Our main results are : 
THEOREM. -Suppose that B is a maximal a,d-nilpotent subalgebra of D(X). Then there exists elements x' and 9' in the quotient field of
This result permits one to distinguish many rings of differential operators. For example, set 0(Xn) = C + ^^C^]. Then it will follow from the COROLLARY, that D(Xn) ^ D(Xm) implies that n = m.
Graded Algebras of D(X)
In this section, a and f3 are nonnegative real numbers with a + f3 > 0. J +^-l + terms with re-degree less than i + k -1 and 9-degree less than j + i -1. Therefore Va^x'Q^x^^}) < a{i + k) + f3{i + j). It follows that gi^^{C{x)[9}) is a commutative algebra.
Note that when a = 0 and f3 is positive, then the filtration defined by Vo^ on D(X) is the same filtration on D(X) as the one defined by 9-deg in the introduction. We will write 9-gr D(X) for giQ^D(X) and (9-deg for Vo,/3-Similarly, when f3 = 0 and a is positive the graded algebra determined by Va o is the same as rc-gr R determined by x-deg defined in [8] .
Set g^a,(^x = x anc^ ^a,/?^ = y_ Since D(X) is just the first Weyl algebra, Ai, we have that 9-gr D(X) =C[x,y} where 9-grx = x and 9-gr9 = y. By [9, Proposition 3.11], it follows that 9-gr D(X) is a subring of C[x,y} and by [8, Lemma 2 .3], x-gvD(X) is also a subring of C[x,y}. In the following lemma, we extend this to other gradings. In the next proposition, we will show that these two finite numbers are equal. We will later show that this codimension is an invariant for D(X). Before proving PROPOSITION 2.4', we need some additional notation and lemmas. Set, for i > 0,
In PROPOSITION 2.4', we assume that dime E/9-gr R' < oo. 
Proof. -Let us use the following induction. Set w-i = w. Suppose that We may now set c^rn = ^,m -Ef^o ^m^m.
The next corollary follows immediately from LEMMA 2.6. We are now ready to prove PROPOSITION 2.4'. Set L = aM+f3N. We will show that 9-gr Wn = 9-gr R'nVn for all n > L. Since 9-giWn C Vn, it is clear that 9-giWn C 9-gv R' H Vn. Suppose 9-grw = p{x)y 3 is an element of 9-gr R' H Vn. So adegp(a;) + f3j < n. By LEMMA 2.5, we may find in R' an element w = p{x) Recall that codimfi is defined to be dime C[x,y}/ 9-gr jR. PROPOSITION 2.4 implies that codimfi = dime C[x,y}/gr^ Q R for any two nonnegative not both zero real numbers a and f3. We will eventually show that codim R is an invariant of R.
Ad-Nilpotent subalgebras of D(X)

Suppose that D{X) ^ D(Y). Then D(X) contains a maximal commutative ad-nilpotent subalgebra isomorphic to 0(Y). So it is interesting to understand the maximal commutative ad-nilpotent subalgebras of D(X).
Let D denote the quotient field of the first Weyl algebra, Ai. In this section, we show that if B is a maximal commutative ad-nilpotent subalgebra of D(X), then there exists an element b e D such that B is a subring of C[b}. Clearly RQ C C^(n). We will show by induction on i that 
LEMMA 3.3. -If u e D acts a.d-nilpotently on R, where R is a subalgebra of D such that the quotient ring of R is D, then there exists z e D such that CD^U) is isomorphic to a rational function field C(z).
Proof. -Let us call an element a e D ad-nilpotent if it acts adnilpotently on some subalgebra R(a) of D such that the quotient ring of R(a) is D. By LEMMA 3.1, there exists an element v € D such that [v,u] = 1 and D = CD{u)(v).
We will first assume that there exists an ad-nilpotent element a of D [9] .
Codim is an invariant of D(X)
In this section R = D(X) for a curve X satisfying the conditions of the introduction. Suppose that u and v are elements of D with commutator [v,u] = 1 such that D(X) C C(u)[v] and v-grD(X) is
Note that u-grC [u^v} and v-grC[u,v] are isomorphic polynomial rings. We will identify these isomorphic rings and thus write u-gvu = v-gru = u and u-grv = v-grv = w. 
-Suppose that R C C(u)[v] C D^ where [v,u\ = 1, such that the quotient ring of R is D, the graded algebra v-gr R is a subset of C[iA, w], and codim-^ R is finite. Then there exist elements u' and v' of D such that u-grv' = w and u-gru' = -u, the commutator [u'^v'} is 1, and the ring R is a subring of C{v')[u'}. Moreover, there is an isomorphism from u'-grC^^v'] to u-grC[u,v} which restricts to an isomorphism from the graded algebra u'-gi R to u-gr R, and codimy'^u' R = codim-^ R.
Proof. -Define subalgebras Ri of R for i >_ 0 as follows : 
Note that u-gTp(v') = p(w) for any polynomial p(t) e C[t].
By LEMMA 3.3, CD^') is a rational function field in one variable. Let us check that CD^) = C{v'). Let / e CD^'). Proof. -Since r is not an element of C(u) and is not an element of Ro, it follows that u-degr > 0 and v-degr > 0. We will argue as in [2, Lemma 8.7] . We may write
where degfj(u) < 0 for k > j > 0. Clearly, ,-u-degr > k. Let n be the smallest nonnegative integer such that a^Q = 0 for all j > n. Let m be the smallest nonnegative integer such that a-o^ = 0 for all k > m. We claim that o-ij = 0 for all pairs i,j such that mi + nj > mn. Then
This contradicts the fact that r is ad-nilpotent. In the next lemma, we will show that codim R is independent of the choice of generator for C(u). We are now ready to show that codim^(X) is an invariant of D(X). Otherwise <9i-degr > m > n and we may apply the methods used above repeatedly to find elements 9^ = <9i and x^ = x-^ + 9(9-^) where g(Q\} e C(9i) such that x^-degr == n and 9^-degr < m. The proof again follows by induction.
We are now able to obtain a nice description of the maximal adnilpotent subalgebras of-D(X). 
